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Parton picture of inclusive quasi-elastic electron scattering off nuclei
Silvano Simula
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A parton picture of inclusive quasi-elastic electron-nucleus
scattering, where individual nucleons are treated as (non
point-like) partons of the nucleus, is presented. All the
necessary target-mass corrections to asymptotic scaling
are evaluated and a new scaling variable ξQE is obtained.
Recent inclusive data from Jefferson Lab are analyzed and
shown to scale in terms of ξQE. The new approach al-
lows to extract in a model-independent way the nucleon
light-cone momentum distribution in the nucleus.
PACS numbers: 25.30.-c, 25.30.Fj, 13.60.Hb, 21.90.+f
I. INTRODUCTION
Inclusive quasi-elastic (QE) electron-nucleus scat-
tering is widely recognized as an important tool for
extracting unique information on the dynamics of nu-
cleons in nuclei, in particular on the nature of short-
range and tensor nucleon-nucleon (NN) correlations
[1]. In the QE kinematical regions the dominant reac-
tion mechanism is expected to be the elastic scattering
from individual nucleons bound in the nucleus. There-
fore, the concept of y-scaling was introduced in [2],
showing that at sufficiently high values of the squared
four-momentum transfer Q2 (= −q · q = ν2 − |~q|2)
the measured QE cross section is predicted to scale in
terms of the variable y, which represents the minimum
momentum of the struck nucleon along the direction
~q of the virtual photon. Adopting the non-relativistic
approximation for the nuclear wave function, the scal-
ing function F (y) was shown [2] to be the nucleon
longitudinal momentum distribution, f(y), which de-
pends only on the ground-state of the target nucleus.
Existing inclusive SLAC measurements [3] do not
exhibit scaling at y > 0, because of the relevance
of competitive mechanisms, like meson-exchange cur-
rents at low Q2 and nucleon inelastic channels at
high Q2. However, in the low-energy side of the QE
peak (corresponding to y < 0) the QE mechanism
is dominant and the SLAC data show indeed an ap-
proximate scaling for low negative values of y. At
y ∼< −0.3 GeV/c, corresponding to the kinematical
regions relevant for the investigation of NN correla-
tions, the y-scaling breaks down because of the ef-
fects from the final state interactions (FSI) among
the struck nucleon and the residual nuclear system
(cf. [4]). Thus, the standard approach [5] is to extract
the scaling function F (y) by extrapolation from finite
Q2 to the limit Q2 →∞, where the FSI are expected
to vanish. However, a careful theoretical analysis has
shown [5] that F (y) 6= f(y) because of the effects of
the nucleon removal energy distribution in the nucleus
(binding effects). Since microscopic calculations of the
latter are still lacking (except for very light nuclei) and
only models are available (cf. [6]), the y-scaling does
not allow to extract the nucleon longitudinal momen-
tum distribution in a model-independent way [7].
The aim of this work is to present concisely a
new approach to scaling for inclusive QE electron-
nucleus scattering, in which the individual nucleons
are treated as the (non point-like) partons of the nu-
cleus. All the target-mass effects, due to the non-
vanishing masses of the struck particle (the nucleon
mass M) and of the target system (the nuclear mass
MA ≃ AM), are evaluated and a new scaling variable
ξQE is obtained, viz.
ξQE ≡ x
1 +
√
1 + 4M2/Q2
1 +
√
1 + 4M2x2/Q2
(1)
where x = Q2/2Mν is the Bjorken variable (0 ≤
x ≤ MA/M ≃ A). Note that the low-energy side
of the QE peak (x ≥ 1) corresponds to ξQE ≥ 1
with ξQE ≤ x. Moreover, limQ2→∞ ξQE = x. The
variable ξQE has the physical meaning of the light-
cone fraction of the nucleus momentum carried by
the struck nucleon and the resulting scaling function
is proportional to the nucleon light-cone momentum
distribution in the nucleus, which depends only on
the target ground-state (cf., e.g., [8]). The concept
of ξQE scaling is then positively checked against the
recent inclusive data from JLab [9], which extend the
Q2 range of the previous SLAC measurements up to
Q2 ∼ 7 (GeV/c)2. Finally, the nucleon light-cone mo-
mentum distribution in 56Fe is extracted from the
JLab data in a model-independent way.
II. PARTON PICTURE OF QE SCATTERING
As it is well known, the parton model [10] suc-
cessfully describes the deep inelastic electron-nucleon
scattering process in terms of elastic processes on free
(point-like) constituents, the partons. At sufficiently
large values of Q2 the nucleon structure function is
predicted to scale in the Bjorken variable x and to be
directly related to the parton light-cone momentum
distribution in the nucleon ρq(x) as
FN2 (x,Q
2)→Bj x
∑
q
e2q ρq(x) (2)
1
where eq is the charge of the parton q. The predictions
of the parton model are fully confirmed by the anal-
ysis of the light-cone singularities of the time-ordered
product of quark currents. Moreover, using the Oper-
ator Product Expansion (OPE) formalism [11] it has
been shown [12] that an approximate scaling can still
hold at finite values of Q2, provided target-mass cor-
rections are properly taken into account. To this end a
new scaling variable ξ 6= x, known as the Nachtmann
variable [13], has to be introduced, depending on Q2
and the target mass (the nucleon mass), viz.
ξ =
2x
1 +
√
1 + 4M2x2/Q2
. (3)
Violations of the ξ scaling are related to dynamical
higher-twist contributions, which manifest themselves
as power suppressed terms (i.e., powers of 1/Q2), and
to logarithmic pQCD corrections (cf. [12]).
Let us now consider in a similar picture the QE
scattering off nuclei, being inspired by the fact that
the QE mechanism is an elastic process on the indi-
vidual nucleons in the nucleus. Thus, at sufficiently
large values of Q2 we expect that the QE contribution
to the nuclear structure function (which will be sim-
ply denoted hereafter by FA2 ) can be written in terms
of the nuclear Bjorken variable xA = Q
2/2MAν as
FA2 (xA, Q
2)→ xA
A∑
N=1
G2N (Q
2) ρN (xA) (4)
where 0 ≤ xA ≤ 1, ρN (xA) is the nucleon light-cone
momentum distribution in the nucleus (appearing also
in the nucleonic contribution to the EMC effect [8]),
while G2N (Q
2) generalizes the squared parton charge
e2q to the case of nucleons, viz.
G2N (Q
2) ≡
G2E(Q
2) + τG2M (Q
2)
1 + τ
(5)
with τ ≡ Q2/4M2. For point-like nucleons one
has GE(Q
2), GM (Q
2) → eN , implying G
2
N (Q
2) →
e2N . Note that the distribution ρN (xA), appear-
ing in Eq. (4), satisfies naturally both the baryon
(
∑A
N=1
∫ 1
0
dxAρN (xA) = A) and momentum sum
rules (
∑A
N=1
∫ 1
0 dxAxAρN (xA) = 1), provided the nu-
cleons are the only relevant degrees of freedom in
the nucleus (cf. [8]). Let us point out that Eq. (4)
does not exhibit a scaling property because of the Q2-
dependence of the nucleon form factors. Therefore, in
what follows we will consider reduced nuclear structure
functions, defined as
FˆA2 (xA, Q
2) ≡
FA2 (xA, Q
2)∑A
N=1G
2
N (Q
2)
. (6)
Basically, in the kinematical regions of interest in
this work the Q2-dependence of FˆA2 (xA, Q
2) drops
out. Indeed, assuming the dipole-law for GNE (Q
2) and
GNM (Q
2), one gets
FˆA2 (xA, Q
2) ≃ xA
∑
j=n,p
e˜2j(Q
2) ρj(xA) (7)
where e˜2p(Q
2) = (1 + τµ2p)/[1 + τ(µ
2
p + µ
2
nN/Z)] and
e˜2n(Q
2) = 1− e˜2p(Q
2) play the role of squared effective
charges for protons and neutrons, respectively. For
Q2 ∼
> 1 (GeV/c)2one has e˜2p(Q
2) ≃ 1/(1 + 0.47N/Z).
We have now to find the variable that generalizes
the Nachtmann variable ξ to the case of QE scatter-
ing, where both the mass of the struck particle (the
nucleon mass M) and the mass of the target system
(the nuclear mass MA ≃ AM) have to be considered.
(For an investigation of nuclear scaling in terms of the
variable ξ see [14]). Let us consider first the effects of
the target mass (the nuclear mass MA), which lead
to the following nuclear Nachtmann variable: ξA =
2xA/[1+
√
1 + 4M2Ax
2
A/Q
2]. However, sinceMAxA =
Mx, the variable ξA turns out to be simply a rescaled
Nachtmann variable, i.e. ξA = ξM/MA ≃ ξ/A where
now 0 ≤ ξ ≤ A. The effects of the struck mass (the nu-
cleon mass M) can be easily included in our partonic
picture. Indeed, since partons are assumed to be free
(and therefore on-mass-shell), one gets the conditions
(kN + q)
2 = M2 and k2N = M
2. In terms of light-
cone variables we can put kN = (k
+,M2/k+,~0⊥) and
q = (−MAξA, Q
2/MAξA,~0⊥), where we have used the
relation |~q| − ν = Mξ = MAξA. Thus, one gets the
polynomial equation k+2−MAξAk
+−M2M2Aξ
2
A/Q
2 =
0, which implies k+ = (MAξA/2)[1+
√
1 + 4M2/Q2].
Introducing the (rescaled) light-cone fraction z =
k+/M (0 ≤ z ≤ A) we obtain z = ξQE with ξQE
given by Eq. (1), representing therefore the appropri-
ate variable in which we expect to observe approxi-
mate scaling for the QE (reduced) nuclear structure
function at finite values of Q2. We have to mention
that a scaling variable conceptually similar to ξQE was
introduced in [1](b).
Since the variable ξQE allows to take into account
kinematical (target-mass) corrections, violations of
the ξQE scaling are expected to be related to dynam-
ical effects, like those due to FSI, which should ap-
pear as power suppressed terms, i.e. powers of 1/Q2
(see next Section). Finally note that the scaling vari-
able ξQE does not depend on the mass number A and
therefore it is the same for all nuclei.
We now derive the target-mass corrections to the
nuclear QE structure functions. Let us first consider
the case of point-like nucleons and then insert the ef-
fects of the nucleon size where appropriate. For point-
like nucleons we can adapt the procedure of [15], where
the case of scattering from massive quarks in the nu-
cleon was considered. Let us start from the nuclear
forward Compton amplitude (cf. [16])
TAµν(P, q) =
i
π
∫
d4zeiqz〈P |T [Jµ(z)Jν(0)]|P 〉 =
− TA1 (ν,Q
2)
(
gµν +
qµqν
Q2
)
+
1
M2A
TA2 (ν,Q
2)P˜µP˜ν (8)
2
where |P 〉 is the nuclear ground-state with total four-
momentum P , P˜µ = Pµ + (q · P ) qµ/Q
2 and Jµ(z)
is the nuclear current given by Jµ(z) = ψ¯(z)γµψ(z),
with ψ(z) being the nucleon field. The singularities
generated in the product Jµ(z)Jν(0) as z → 0 can be
treated within the framework of the OPE and it has
been shown [13,17] that such anOPE can be rewritten
as an expansion over Gegenbauer polynomials, viz.
3TA1 − (1 +
ν2
Q2
)TA2 =
2
π
∑
n≥2
C1n(i
ν
Q
)sin[
π
2
(n+ 1)]
·
(
MA
Q
)n
µ(1)n (Q
2) (9)
and
TA2 = −
8
π
∑
n≥2
C3n−2(i
ν
Q
)sin[
π
2
(n+ 1)]
·
(
MA
Q
)n
µ(2)n (Q
2) (10)
where Cλn are Gegenbauer polynomials and µ
(i)
n (Q2)
are Nachtmann moments (i = 1, 2). Using standard
dispersion relations for TAi (ν,Q
2) (cf. the nucleon case
in [13,17]) and orthogonality relations among Gegen-
bauer polynomials, from Eqs. (9-10) it follows
µ(1)n =
2MA
Q2
∫
dνξn+1A
[
3WA1 −
ν2 +Q2
Q2
WA2
]
(11)
and
µ(2)n =
4MA
Q4
∫
dνξn+1A W
A
2
[
(n2 + 2n+ 3)ν2
+ n(n+ 2)Q2 + 3(n+ 1)ν
√
ν2 +Q2
]
/ [(n+ 2)(n+ 3)] (12)
where WAi (ν,Q
2) are the structure functions of the
absorptive part of TAµν (i.e., of the nuclear tensor).
As noticed in [15], the Nachtmann moments µ
(i)
n (Q2)
can be written as µ
(i)
n (Q2) = µ˜
(i)
n (Q2) · 〈P |Oˆn|P 〉,
where 〈P |Oˆn|P 〉 are the reduced matrix elements of
the traceless operators appearing in the OPE of the
nuclear tensor and yielding the scaling function, while
µ˜
(i)
n (Q2) are the Nachtmann moments corresponding
to the sum of the individual parton contributions in
WAi (ν,Q
2), namely: WA1 → τ
∑A
N=1 e
2
Nδ(ν−Q
2/2M)
and WA2 →
∑A
N=1 e
2
Nδ(ν − Q
2/2M). The resumma-
tion of the series over the Gegenbauer polynomials in
Eqs. (9-10) can be done in the same way as in [12,15]
and the final result for the nuclear structure function
νWA2 (ξQE , Q
2) reads as
νWA2 =
x2
r3
[
(1 +
1
τ
)
FA2 (ξQE)
ξ2QE
+ 3TA2 (ξQE , Q
2)
]
(13)
where r ≡
√
1 + 4M2x2/Q2 and
TA2 =
√
1 +
1
τ
2M2x
Q2r
∫ ξmaxQE
ξQE
dξ′QE
(
1−
1
ξ′2QE
)
·
FA2 (ξ
′
QE)
ξ′2QE
+
4M4x2
Q4r
∫ ξmaxQE
ξQE
dξ′QE
(
1−
1
ξ′2QE
)
·
FA2 (ξ
′
QE)
ξ′2QE
[
ξ′QE +
1
ξ′QE
− ξQE −
1
ξQE
]
(14)
with ξmaxQE = min[A,Q(1 +
√
1 + 4M2/Q2)/2M ] (cf.
[18]). The function FA2 (ξQE) is the asymptotic limit
of νWA2 (ξQE , Q
2), i.e. at fixed ξQE one has
νWA2 →Q2→∞ F
A
2 (ξQE) = ξQE
A∑
N=1
e2N ρN (ξQE). (15)
As for the nuclear responseWA1 (ν,Q
2), one can note
that for the combination {3WA1 −W
A
2 [ν
2 + Q2]/Q2}
Eq. (11) is similar to the Nachtmann moment of a
scalar current (cf. [13,15]). Thus, the target-mass-
corrected nuclear response WA1 (ξQE , Q
2) is given by
WA1 =
x
2Mr
[
1 + 1/τ
1 +RN
FA2 (ξQE)
ξ2QE
+ TA2 (ξQE , Q
2)
]
(16)
where RN (Q
2) = 1/τ is the longitudinal to transverse
(L/T ) cross section ratio for point-like nucleons.
The modifications of our basic equations (13-16)
due to the nucleon size can be argued in the follow-
ing way. From y-scaling analysis it is known (cf., e.g.,
[4,5]) that the quantity
∑A
N=1G
2
N (Q
2) can be factor-
ized out, so that the scaling function F (y) describes
the asymptotic nuclear response as the nucleons were
point-like in the virtual photon coupling. Therefore,
we expect that Eqs. (13-15) still hold by replacing
νWA2 , F
A
2 and T
A
2 with their reduced counterparts,
defined as in Eq. (6). Correspondingly, in Eq. (16)
we expect the replacements of WA1 , F
A
2 and T
A
2 with
their reduced counterparts and, furthermore, the re-
placement of L/T ratio RN (Q
2) = 1/τ with
RˆN (Q
2) ≡
1
τ
∑A
N ′=1[G
N ′
E (Q
2)]2∑A
N ′=1[G
N ′
M (Q
2)]2
. (17)
It is interesting to note that the above expectations
may follow from the hypothesis that the Gegenbauer
expansions (9-10) hold as well in case of non point-
like nucleons. Indeed, within this hypothesis, in con-
structing the moments µ˜
(i)
n (Q2) one has to consider in
WAi (ν,Q
2) the sum of the individual nucleon contri-
butions given now by WA1 → τ
∑A
N=1[G
N
M (Q
2)]2δ(ν−
Q2/2M) andWA2 →
∑A
N=1G
2
N (Q
2)δ(ν−Q2/2M). It
is then easy to check that in Eqs. (11-12) the quantity∑A
N=1G
2
N (Q
2) does factorize out and that the L/T
ratio RN (Q
2) = 1/τ has to be replaced by RˆN (Q
2)
given in Eq. (17). In the next Section we will show
that our basic equations and the ξQE variable are suc-
cessful in describing the scaling in the QE process,
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providing therefore a challenge to demonstrate that
Eqs. (9-10) hold as well for non point-like nucleons.
To this end a possibility (which can be investigated in
future works) might be offered by the application of
nuclear effective field theories.
Note that according to Eq. (13) the structure func-
tion νWA2 (ξQE , Q
2) [νWˆA2 (ξQE , Q
2)] does not depend
on the nucleon L/T ratio RN (Q
2) [RˆN (Q
2)]. This is
at variance with the results of the impulse approxima-
tion obtained within the instant form of the dynam-
ics (cf., e.g., [19]), while it agrees with the results of
the light-cone impulse approximation (cf. [8]). This
happens because our results are based on a partonic
description which is naturally formulated in the light-
cone form of the dynamics. As a matter of fact, the
impulse approximations in the instant and the light-
cone forms should coincide only asymptotically, while
they can differ at finite values of Q2.
A very relevant feature of the target-mass correc-
tions is that the asymptotic function FˆA2 (ξQE) can be
extracted from the structure functions WˆAi (ξQE , Q
2)
at finite values of Q2, viz.
FˆA2 (ξQE) =
r3ξ2QE
x2(1 + 1/τ)
1 + RˆN (Q
2)
2− RˆN (Q2)
·
2−RA(ξQE , Q
2)
1 +RA(ξQE , Q2)
νWˆA2 (ξQE , Q
2) (18)
where
RA(ξQE , Q
2) ≡
WA2 (ν,Q
2)
WA1 (ν,Q
2)
(
1 +
ν2
Q2
)
− 1 (19)
is the nuclear QE longitudinal to transverse cross sec-
tion ratio. In other words Eq. (18) tells us how to
cancel out all the target-mass corrections from the
structure function νWˆA2 (ξQE , Q
2).
III. RESULTS
Let us now consider the experimental nuclear struc-
ture function νW¯A2 (ξQE , Q
2), which in terms of the
inclusive nuclear cross section σA is given by
νW¯A2 =
νσA
σMott · [
∑A
N=1G
2
N (Q
2)]
·
1
1 + 2tg2( θe2 )(1 + ν
2/Q2)/(1 +RA)
(20)
where σMott is the Mott cross section and θe is the
electron scattering angle. We do not expect to observe
scaling of Eq. (20) in terms of ξQE , at least because
of the Q2-dependence induced by target-mass correc-
tions (see Eq. (13)). Significative scaling violations
are indeed present in the iron data of [9] at any ξQE ,
as it is illustrated in Fig. 1, where the reported un-
certainties include the small impact of the variation
of RA in Eq. (20) between 0 and 2RˆN .
Inspired by Eq. (18) let us define the following ex-
perimental scaling function:
F¯A2 (ξQE , Q
2) ≡
r3ξ2QE
x2(1 + 1/τ)
1 + RˆN (Q
2)
2− RˆN (Q2)
·
2−RA(ξQE , Q
2)
1 +RA(ξQE , Q2)
νW¯A2 (ξQE , Q
2). (21)
Therefore, from the results of the previous Section we
expect that
F¯A2 (ξQE , Q
2) = ξQE ρ¯(ξQE) +O(
1
Q2
) (22)
where ρ¯(ξQE) is the nucleon light-cone momentum dis-
tribution averaged over protons and neutrons in the
nucleus [cf. Eq. (7)], while the power-suppressed
terms correspond to higher twists containing unique
information about the structure of FSI and/or other
relevant mechanisms which violate the ξQE scaling.
Note that Eq. (22) implies that any Q2-dependence
of F¯A2 (ξQE , Q
2) signals the breakdown of the impulse
approximation.
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FIG. 1. Results of Eq. (20) evaluated for the iron data
of [9] versus ξQE (Eq. (1)). The inset shows the value of
Q2 corresponding to the top of the QE peak (ξQE = 1).
The results of Eq. (21) evaluated for the iron data
of [9] are shown in Fig. 2. It can clearly be seen that
scaling violations are present for ξQE < 1.1 because of
the large contributions from nucleon inelastic channels
(cf. [9]), but now the data free from target-mass effects
scale nicely for 1.1 ∼< ξQE ∼< 1.4, while for larger ξQE
the scaling is partially broken by FSI effects.
Applying a power correction analysis to the data
of Fig. 2 (after the subtraction of the nucleon in-
elastic channel contribution evaluated as in [19]), the
asymptotic function FˆA2 (ξQE) = ξQE ρ¯(ξQE) can be
extracted in a model-independent way and the result-
ing nucleon light-cone momentum distribution ρ¯(ξQE)
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is shown in Fig. 3. We point out that our pro-
cedure is fully relativistic and does not involve the
non-relativistic approximation for the nuclear wave
function; moreover, being formulated in the light-cone
form of the dynamics, it does not suffer from any am-
biguities related to the modelling of binding effects
and to off-shell prescriptions.
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FIG. 2. Results of Eq. (21) evaluated for the iron data
of [9] versus ξQE (Eq. (1)). The inset is as in Fig. 1.
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FIG. 3. The nucleon light-cone momentum distribution
ρ¯(ξQE) (see Eq. (22)), extracted from a power correction
analysis of the iron data of Fig. 2, versus ξQE (Eq. (1)).
Finally, since the variable ξQE and the Nacht-
mann variable ξ are simply related by ξQE = ξ [1 +√
1 + 4M2/Q2]/2, one could use ξ as a scaling vari-
able for the QE process (cf. [14]). From the theoreti-
cal point of view it is however clear that the variable
ξ is appropriate only for elastic processes on massless
constituents in a massive target. Consequently, all
the machinery of QE target-mass corrections devel-
oped in this work cannot be formulated in terms of ξ.
Therefore, any approximate phenomenological scaling
in ξ should be simply reminiscent of the scaling in
ξQE , which we stress is the appropriate variable for
the QE process because it includes the mass effects of
both the struck particle and the target.
IV. CONCLUSIONS
In conclusion, a new approach to scaling in inclu-
sive quasi-elastic electron-nucleus scattering has been
concisely presented. It is based on a parton picture
of the quasi-elastic process, where individual nucle-
ons are treated as the (non point-like) partons of the
nucleus. All the target-mass corrections to asymp-
totic scaling have been taken into account, leading to
a new scaling variable ξQE given by Eq. (1). The
ξQE scaling has been positively checked against re-
cent inclusive iron data from Jefferson Lab [9] (see
Fig. 2) and the nucleon light-cone momentum distri-
bution in iron (see Fig. 3) has been extracted in a
model-independent way.
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